TAAC’2014 | Kyiv, Ukraine, http://taac.org.ua;

Symmetry Reduction and Exact Solutions of the
Non-Linear Black-Scholes Equation

S. Kovalenko, O. Patsiuk

In this paper, we investigate the non-linear Black-Scholes equation and show
that by an appropriate point transformation of variables the one can be reduced to
such a second-order partial differential equation, which contains only the first order
derivative with respect to the time variable and does not contain the required function
and the mized derivative. For the equation obtained, we study the group-theoretical
properties, namely, we find the mazximal algebra of invariance in Lie sense, carry out
the symmetry reduction and seek for a number of exact group-invariant solutions of
this equation. Using the results obtained, we get a number of exact solutions of the
Black—-Scholes equation.
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Introduction

The non-linear Black-Scholes equation (BSE)
1
Ut+502(1+2PSUSS)SZUSS+T(SUS7u) :Oa Uap>07 T207 (1)

is widely used in financial mathematics in the study of illiquid markets (see [I],
[2]). Tt models stock option pricing when transaction costs arising in the hedging of
portfolios are taken into account. In this equation, u(¢,S) — value of an option, ¢ —
time, S — price of the underlying asset, & = /o (1 + 2pSugg) — volatility function,
o — constant volatility, p — parameter modelling the liquidity of the maurketE]7 r —
riskless interest rate in the bank.

Due to the importance of equation , it is widely studied by means of the
methods of mathematical and computer modelling (see [3], [4], [5], and references
therein). We are interested in finding exact solutions of equation by the technique
of group analysis. First of all, using the notation a = 502, b=po?,c=r,andz =9,
we rewrite the equation in a more convenient form:

g + axugy + beuix + cxuy —cu =0, a,b>0, c>0. (2)

In what follows, we consider only the values of independent variables ¢, x from the
domain Ry x R (this is due to the economic sense of these variables).

For p = 0 the market is perfectly liquid (and we have the linear Black-Scholes equation),
whereas for p large a trade has a substantial impact on the transaction price. For the stock of
major U.S. corporations p is a small parameter (of the order of 10~%) [3] p. 186].
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Simplifying Point Transformations of Variables

Using the point transformations of variables

7 t, c=0,
B ct, ¢ > 0;
log%,c:o7
T = cx 3
log?—ct,c>0; (3)
bu a x 2
— + —log — t 0
) Teesy et
bu_i_a1 cx a(1+a)t -0
—+ —log— — = — c
20 B T2 2¢/ 7 ’
we can reduce equation to the equation
Tz + (Uz + Uzz)? = 0. (4)

Afterwards, solving this equation, we omit the overlines for convenience.
So, we get an equation of the form u; = F'(tuy, Uzy). It is known [6] Subs. 12.1.1,
No. 2] that the last equation admits the traveling-wave solution

u(t,z) = u(€), &=kx+ A, (5)

where the function u(€) is determined by the autonomous ordinary differential equa-
tion (ODE)
F(ku57 ]{?2U55) — )\U& = 0,

and a more complicated solution of the form
u(t,r) = c1 +cat +p(§), & =kr+ A, (6)
where the function () is determined by the autonomous ODE
F(koe, k*pee) — Ape — ca = 0.

Below we find a number of solutions of equation , which do not belong to

the types (B]) or ().

Symmetry Reduction and Exact Solutions of Equation @

Using the LIE program [7], we obtain that the basis of maximal algebra of
invariance (MAI) of equation can be chosen as follows:

X1 =-0;, Xo=—-¢70y, Xzg=0;, Xy=04, Xs5=10;—u0,.
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Non-zero commutators of this operators are:

(X1, Xo] = Xo, [Xo, X5] = —Xo, [X3,X5]= X3, [Xy4, X5]=—-Xy

Hence, the algebra

A - {X13X27X37X47X5}
can be decomposed into a semidirect sum of the one-dimensional algebra {X5} and
the four-dimensional ideal { X7, X, X3, X4}, i.e.:

A= {X5} & {X17X27X37X4}.

The ideal is of the type Ay @ 2A;. Using this facts and executing the well-known
classification algorithm [8, p. 1450], we obtain the following assertion.

Proposition 1. The optimal system of one-dimensional subalgebras of MAI of equa-
tion consists of the following ones: (X1), (Xa), (X3), (X4), (X5), (X5 +eX3),
<X1 + 5X4>, <X2 + €X3>, <X2 + €X4>, <X3 + €X4>, <X1 + y(Eng + €2X4)>,
(Xo +sinp(e1 X3 +e2X4)), (X5 +2X1), (X5 — X1 +eXo), where e = £1, 1 = +1,
eo=+1,y>0,2#0,-1, and 0 < ¢ < 7.

Note that the algebras (Xs), (X4), and (X2 +eX4 | € = £1) do not satisfy the
necessary conditions for existence of the non-degenerate invariant solutions.

Next, we perform the detailed analysis of invariant solutions of equation ,
which is based on all algebras from Proposition [T} except the ones pointed out above.
The results of our investigation are presented in Tables [I| and 2l Table [1] consists of
ansatzes generated by the subalgebras and corresponding reduced equations.

Table 1. The symmetry reduction of equation

No. Algebra® Ansatz Reduced equation

T xX0) w=o(0) 7 =0

2 (X3) u = () o+ =0

3 (X1 +eXa) u = p(x +¢t) (¢"+¢)? +ep' =0

4 (X1 +eX4) u=(t) —ex o =-1

5 (X2 +eX3) u = p(x) —cte™® (" +¢')2 —ee™® =

6 (X3 +eX4) u=p(x)+et (" +¢)+e=0

™| (X1 + k(X5 +eXa)) u=(y) +et @ +¢) P+ 3¢ +e=0
8 | (Xo+k(Xs+eXs) |u=o9(@)+ (c—1e @)t | (¢ +¢)2—te ®4+e=0
9 (X5) u=t"ltp(x) (¢ +¢)—p=0
104 (X5 + kX1) u=t"p(y) @+ @)+ k' —p=0
11¢ (X5 — X1 +eXa2) u=e *(p(y) —ex) (p" — ' +€)%2—e¥p' =0

2In this column, ¢ = £1.

bIn this case, k # 0; y = = + %t.

In this case, 0 < |k| < 1.

dIn this case, k # 0, —1; y = = + klogt.
€In this case, y = x — logt.
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Table 2. The exact group-invariant solutions of equation

No. Algebra® Exact solution or first order ODEP
1 1 u=cy
2 2 u=c1 +coe
3 3 u=c1 —e(z+et)+ 48cpe—3(@Het) 4 ecie—(ztet)
4 4 u=c —t—ex
5 5 u=cy +46e” 2 — (t+cz)e "
6 6 (e=-1) u=c1+coe T+5x—t
7¢ | 7 (¢’ = const) u=rcy +et+ i <6\/1 — 4ek? — 1) (= + %t)
]d 8 (e=-1) u=c1+coe T — (1—&-%6’“”)15-1—% [(k—%e’z)x—
=3k e ) + (2k — e *) log (VE+ VE+e 7|
9d 8 (e=-1) u=ci+cpe " — (1- %e‘m)t—l—% [(k—l—%e_”)r—
—3vk(k—e®)+ (2k+ e~ %) log (\/E+ vk — e—x)]
104 8(e=1) u261+826_$+(1—%6_$)t+
+ % [2 (k + %e’z) arctan,/%(eﬂ” — k) —3yk(e ™ — k)]
11°¢ | 7 (¢’ # const) w'(z)=1-— skzﬁ
12 9 w(2) = ot — V3%
13t 10 W' (p) = Ve Ewle)
wle)
14 11 w'(z) = 175‘;(—2)

2In this column, the numbers of algebras from Table are indicated.
PIn this column, €,8 € {1, —1}; c1, c2 are arbitrary real constants.
“In this case, k # 0, if e = —1, and 0 < [k| < §, if e = 1.

dIn this case, 0 < k < 1.

€In this case, k # 0.

fIn this case, k # 0, —1.

Remark 1. Equations 6 and 8 (with k < 0) from Table can admit real solutions,
only if e = —1.

Exact solutions (or the first order ODEs, if we could not find their solutions)
are given in Table

Remark 2. In Table[2:

1. solution 1 is trivial and can be included to solution 2;

2. solution 3 is the traveling-wave one, which can be obtained from (@, if we
put k=1, A =¢;

3. solution 4 can be obtained from solution 3, if we put co = 0;

4. solution 7 is of the form (@), and one can be obtained, if we putk =1, A = %,
Cy = €&

5. the ODE 11 is obtained, if in the ODE 7 from Table 1] we put
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and admits the solution in the parametric form [9, Subs. 1.3.1, No. 2]: z =
2(1), w =7 2(7), where z(7) is defined as:

1— 1
(a) Z(’T) =C1 (‘27— 1+ \/4k2 +1‘ 4k2+1

1
2

14— -
27 — 1 v+ 1] VW“)

ife=—1 and k # 0;

1— 1
(b) (1) = c1 <‘27 —1+4+ \/1 _ 4k2’ /1—ak2

Nl

7

14+ —L -
‘2Tf 1- 1 74k2‘ 14’”)

ife=1and 0 <|k| < 3;

ife=1 cmdk::i:%;

— 1 arctan —2Z=1
(d) z(7) 201(72—T+k2)_%e VT e k21
ife=1and k| > %;
the ODE 12 is obtained, if in the ODE 9 from Table[1] we put
1 1
2=V w= ¢l
6 2
note that this equation is the Abel equation of the second kind;
the ODE 18 is obtained, if in the ODE 10 from Table we put w(p) = ¢';
the ODE 14 is obtained, if in the ODE 11 from Table 1] we put

1

e=gy, w= e 20/ ¢/ (y).

Exact Solutions of Equation H

Using solutions 2-3, and 5-10 of equation (see Table [2) and point trans-

formations of variables (3]), we obtain a number of exact solutions of equation
presented in Tables [3| and [4] (see the next pages).

Remark 3. Solutions 7 and 8 from Tables[3 and []] are not defined for all values
of x € Ry. Thus, they cannot be considered as the solutions of any boundary value
problem (BVP) determined for equation () on the domain (t,z) € Ry x Ry.
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Table 3. The exact solutions of equation 1i with ¢ =0

No. | Sol. Exact solutionP

2 u:cl+2bx(02+atflogw)

5 u=c1 —t+46,/% 2b:c(02+ t—logaz)

6 u*cl+a+ 5x(cg+“ 25t—logaﬁ)

3 u=ecle % +45cie” 2 \/;Jr”;b%x 02+a722€t710gx)
5¢ 7 u:%[cl+<5+§>t7%10gm+i(6\/174516271) (%tJrlogz)]
6d 8 u:cl—%t—&—% cg—i—(——l)t—%logm—i—

+6|:(1—2]m>10g(2kz (1+,/1+%)+1)—3,/1+%”
7d 9 u:cl+%t+% 02+<a7‘271>t7%10gx+
+6[(1+ﬁ>log(¥(1+\/1—%>—1>—31/1—%}}
gd 10 u=c1— 4t+ ¥ CQ+<§+1)t—ﬁlogac+
+5[2(1+ﬁ)amtan\/——1—3\/——1]}

2In this column, the numbers of solutions of equation ' ) from Table I are indicated.
bIn this column, €, € {1,—1}; c1, co are arbltrary real constants.

°In this case, k # 0, if e = —1, and 0 < |k| < —,1fs—1

dIn this case, 0 < k < 1.

Table 4. The exact solutions of equation with ¢ # 0

No. | S.2 Exact solutionP
1 2 u = cret + 2ba:(cg+ a+20t—loga:)
2 5 u = (c1 — ct)e® + 45e3 1/%—l-%azt(CQ—i-%z‘ct—logm)
3 6 u:cle“+%2b€cx <CQ+Wt710ga§>
4 3 u = sc%e(l_e)“ + 45crez(1—9) T+ Mr (c + Mt — log :z:)
5¢ 7 u:%{cl [ac—f— (1 )]t——logm—‘r
P (6\/1 — 4ek? — 1) [(7 — 1) ct + logm}}
64 | 8 u:(cl—ft)ec’f Lo+ [2(1+£)—clt—Elogx+
) [(1 — ke ) log (2’““ et (1 +/1+ ﬁect) + 1) —3/1+ ﬁed]}
7d 9 u:(cl+%t)e“+% 02+[%(1+i)7c}t7%10g9§+
+6 |:(1 + kacx )log <2kcz —ct (1 /1= %eﬁ) _ 1) _3 klc)ac ect]}
8d 10 u=(c1— ft)et + Lo+ [ (1+ &) +c]t—log<E +
+4 [2 (1 + kacz e“) arctan \/k—i’mec’f —-1- 3\/%6“ — 1} }

2In this column, the numbers of solutions of equation (4) from Tablelzl are indicated.
bIn this column, ¢,8 € {1, —1}; c1, ca are arbitrary real constants.

¢In this case, k # 0, if e = —1, and 0 < |k| < %, ife=1.

dIn this case, 0 < k < 1.
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Conclusions

In this paper, we found a number of exact group-invariant solutions of the non-
linear Black-Scholes equation . These solutions can be used in solving some BVPs.
In our future investigations, we are going to consider from the group-theoretical point
of view a BVP for the European options.
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